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Abstract
We consider a hyperbolic quasilinear fluid model, that arises from a delayed version for the constitutive
law for the deformation tensor in the incompressible Navier-Stokes equation. We prove the existence
of global strong solutions for large data including decay rates in R2 and in the three dimensional
special cases known from the classical Navier-Stokes equation. As a corollary we can derive from
[Sch12] a global relaxation limit τ → 0 uniform in time. Furthermore we give an improved version of
the regularity criterion of [FO12].
1 Introduction
Let n ≥ 2 and T, τ, µ > 0. In this note the fluid model
τutt − µ∆u+ ut +∇p+ τ∇pt = −(u · ∇)u− (τut · ∇)u− (τu · ∇)ut
div u = 0
u(0, ·) = u0, ut(0, ·) = u1
in (0, T )× Rn,
in (0, T )× Rn,
in Rn
(1)
for the velocity field u = u(t, x) : (0, T ) × Rn → Rn and the pressure p = p(t, x) : (0, T ) × Rn → R,
where u0 and u1 are given initial data, will be considered. This model arises from a delayed version for
the constitutive law for the deformation tensor in the incompressible Navier-Stokes equation (compare
[RS12a]).
The model has already been studied in [RS12a], [RS12b] and [Sch12], where the global existence for small
data and a relaxation limit τ → 0 local in time for (1) was proven. In contrast to the Navier-Stokes
equation the global well-posedness for large data even in R2 was still open. We will prove the global
existence for large data and small parameter τ with the following idea. First we show that the local
solution to the hyperbolic Navier-Stokes equation in R2 decays for a small time, since for small τ it stays
close to the solution of the classical Navier-Stokes equation (due to [Sch12]), for which the decay is well
known. With some work we are than able to show that the smallness condition for a modified version
of the global existence theorem [RS12b, Theorem 6.1] is fullfilled and obtain a global solution including
decay rates.
This basic idea was already used in [HL02] for hyperbolic-parabolic coupled systems, but their theorem
does not apply to our case. We will comment on other relating results and discuss other approaches to
the problem in subsection 3.2, especially we improve the regularity criterion of [FO12].
Since our global existence theorem will be independent of τ ≤ τ0 we have an important consequence for
the relaxation limit. We can modify the local result from [Sch12] and use the τ -independent decay rates
to get a global relaxation limit τ → 0 uniform in time. Therefore the classical Navier-Stokes equation
and the hyperbolic Navier-Stokes equation behave similar. Formally, regarding the derivation of the
hyperbolic Navier-Stokes equation, the result on the approximation seems to be not astonishing but one
has to keep in mind the works [DQR09] and [SR09], where it was shown that delayed systems, that are
formally close together, can behave differently. For example in [SR09] it was shown, that an equation,
coming from a Cattaneo type law, might not be exponentially stable, although the same system with a
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Fourier type law is. In [DQR09] it is even shown, that formal high taylor expansions of the delayed term,
can lead to ill-posedness.
The paper is a short overview, where details will be published later and is organized as follows. In
section two we modify the global existence theorem for small data due to [RS12b] to get a τ -independent
smallness condition, which is of course necessary for the indicated proof for large data. In section three we
first give some a priori estimates to handle all norms appearing in the smallness condition and then give
a sketch of the proof for the global existence theorem for large data and small parameter τ . We conclude
this section with some remarks on the conditions on τ and relating results. Furthermore we improve the
regularity criterion of [FO12]. In the last section we will prove a global relaxation limit τ → 0 uniform
in time.
2 Global Existence Theorem with τ -independent smallness con-
dition
The global existence for small data in [RS12b] was proven with a method by Klainerman and Ponce, like
it is for example described in [Rac92]. The proof uses convergence rates coming from the damped wave
equation to show an a priori estimate for the solution to (1) that finally makes it possible to reiterate
the application of the local existence theorem to obtain a global solution. Since we want to show a
τ -independent theorem, we first of all have to consider the τ−dependence of the convergence rates for the
damped wave equation. With a transformation to the τ -dependent problem one can derive from [Mat76]
the following result that corresponds to [RS12b, Lemma 5.1], but in contrast to that is independent of τ .
Lemma 2.1
Let v be the solution to
τvtt − µ∆v + vt = 0
v(0, ·) = 0, vt(0, ·) = v1
in (0,∞)× Rn,
in Rn,
with n ∈ {2, 3} and τ ≤ 1. For α ∈ Nn0 , j ∈ {0, 1} and 0 ≤ ε ≤ 12 there exists a constant c independent
of τ , such that the following estimates hold:
‖∇α∂jt v(t, ·)‖2 ≤ cτ1−j(1 + t)−(
|α|
2 +j)‖v1‖X2 , (2)
‖∇α∂jt v(t, ·)‖2 ≤ cτ1−j(1 + t)−(
n
4+
|α|
2 +j)‖v1‖X1 , (3)
‖∇α∂jt v(t, ·)‖2 ≤ cτ1−j(1 + t)−
n
4+
n
2 ε− |α|2 −j‖v1‖X 1
1−ε
, (4)
where
Xk :=
{
L2 ∩ Lk, for |α|+ j = 0
W |α|,2 ∩ Lk, for |α|+ j ≥ 1.
Furthermore it holds for 1 ≤ p ≤ 2 ≤ q ≤ ∞ with 1p + 1q = 1 and δ > 0
‖∇α∂jt v(t, ·)‖q ≤ cτ1−j(1 + t)−
(
n
2 (1− 2q )+ |α|2 +j
)
‖v1)‖Yq , (5)
where
Yq := W
mq,p
and
mq := d(1− 2q )(2 + n) + δe+ |α| ≡ m0 + |α|.
2
Changing the energy to
Em(t) := Em (u(t)) :=
1
2
∑
|α|≤m+1
(τ2‖∇αut‖22 + τµ‖∇α∇u‖22 + ε2‖∇αu‖22)(t), (6)
for a 0 < ε2 < 12 , one can show the following τ -independent high energy estimate corresponding to
[RS12b, Theorem 4.1].
Theorem 2.2
For τ ≤ 1 there exists a constant c, independent of the local existence time T , the data (u0, u1) ∈(
Wm+2,2 ∩ L2σ
)× (Wm+1,2 ∩ L2σ) and τ , such that for 0 ≤ t ≤ T and m > n2 + 1
Em(t) ≤ cEm(0)ec
∫ t
0
(‖u‖2∞+τ‖ut‖1,∞+‖∇u‖∞+τ2‖ut‖21,∞+‖∇u‖2∞)(r)dr. (7)
Using the representation formula for the solution [RS12b, Theorem 4.1], Theorem 2.2 and Lemma 2.1
one can prove the following τ -independent version of [RS12b, Theorem 5.3].
Theorem 2.3
Let 4 < q < ∞, m0 from Lemma 2.1, m,m1 ∈ N with m1 ≥ 2, m ≥ m1 + m0 + 3, p := qq−1 , 0 ≤ ε ≤ 1q
and τ ≤ 12 . There exists a δ1 > 0 independent of τ such that for initial data (u0, u1) with
‖u0‖m+4,2 + τ‖u1‖m+3,2 + ‖u0‖ 1
1−ε
+ τ‖u1‖ 1
1−ε
+ ‖u0‖m1+m0+2,p + τ‖u1‖m1+m0+1,p < δ1, (8)
there exists a M0 > 0 independent of T and τ , such that the solution u satisfies
M(T ) := sup
0≤t≤T
{
(1 + t)1−
2
q ‖u(t)‖m1,q + (1 + t)
3
2− 2q (τ‖ut(t)‖m1,q + ‖∇u(t)‖m1,q)
+ (1 + t)
1
2−ε‖u(t)‖m,2 + (1 + t)1−ε(τ‖ut(t)‖m,2 + ‖∇u(t)‖m,2)
}
≤M0 (9)
Remark 2.4
1. It is not enough to just check the estimates in [RS12b] on their τ -dependence. Therefore we put for
example an artifical τ in the definition of the energy and M(T ).
2. The introduction of ε is necessary for the proof of the global existence theorem for large data, since
we can not show an a prioi estimate for the L1-norm.
Now one can derive a global existence theorem with a smallness condition and decay rates independent
of τ as usual.
Theorem 2.5
Let 4 < q <∞, m,m1 ∈ N with m1 ≥ 2, m ≥ m1 + 5 + n, p := qq−1 , 0 ≤ ε ≤ 1q and τ ≤ 1. There exists a
δ > 0 independent of τ such that for initial data (u0, u1) with
‖u0‖m+4,2 + τ‖u1‖m+3,2 + ‖u0‖ 1
1−ε
+ τ‖u1‖ 1
1−ε
+ ‖u0‖m1+n+4,p + τ‖u1‖m1+n+3,p < δ, (10)
there exists a unique global solution (u, p) to (1) satisfying
u ∈ C0([0,∞),Wm+4,2 ∩ L2σ) ∩ C1([0,∞),Wm+3,2) ∩ C2([0,∞),Wm+2,2), (11)
∇(p+ τpt) ∈ C0([0,∞),Wm+2,2). (12)
Furthermore it holds
‖u(t)‖m,2 = O
(
t−(
1
2−ε)
)
, τ‖ut(t)‖m,2 = O
(
t−(1−ε)
)
, ‖∇u(t)‖m,2 = O
(
t−(1−ε)
)
‖u(t)‖m1,q = O
(
t−(1−
2
q )
)
, τ‖ut(t)‖m1,q = O
(
t−(
3
2− 2q )
)
, ‖∇u(t)‖m1,q = O
(
t−(
3
2− 2q )
)
for t→∞.
3
3 Global Existence Theorem for Large Data
3.1 A Priori Estimates
As written in the introduction one uses the decay of the solution to the classical Navier-Stokes equation
together with [Sch12] to show a decay of the Hs−norms of the local solution to (1).
Lemma 3.1
Let v0 ∈ Wm,2 ∩ L2σ ∩ L1 and m ≥ 3, then there is global solution to the two dimensional classical
Navier-Stokes equation
v ∈ C([0,∞),Wm,2 ∩ L2σ) ∩ C1([0,∞),Wm−2,2). (13)
Furthermore for α ∈ N20 with |α| ≤ m the following decay rates for a constant c = c(‖v0‖...) hold
‖∇αv(t)‖2 ≤ c(1 + t)−(
|α|
2 +
1
2 ), (14)
‖∇αv(t)‖∞ ≤ c(1 + t)−(
|α|
2 +1). (15)
Additional one has for α ∈ N20 with |α| ≤ m− 2 and a constant c = c(‖v0‖...)
‖∇αvt(t)‖2 ≤ c(1 + t)−(
|α|
2 +
3
2 ). (16)
Especially it holds v0 ∈Wm+3,2 ∩ L2σ ∩ L1 with c1 = c1(‖v0‖...)
Em(v(t)) :=
1
2
∑
|α|≤m+1
(τ‖∇αvt‖22 + µ‖∇α∇v‖22 + ‖∇αv‖22)(t) ≤ c1(1 + t)−1. (17)
Proof. Due to [Kat86, Theorem 1]) there is a solution
v ∈ C([0,∞),Wm,2 ∩ L2σ) ∩ C1([0,∞),Wm−2,2). (18)
Therefore the convergence rates follow from [Sch95, Theorem 3.2].
The other norms in the smallness condition of Theorem 2.5 can be handled with the following lemma.
Lemma 3.2
Let τ ≤ 1 and v be the solution to
τvtt − µ∆v + vt = 0
v(0, ·) = 0, vt(0, ·) = v1
in (0,∞)× Rn,
in Rn,
with initial data v1 ∈ W s,2 ∩ Lp, where 1 ≤ p ≤ 2. Then for α ∈ Nn0 , j ∈ N0 with 0 ≤ |α| + j ≤ s and
j 6= s there exists τ−independent constant c such that
‖∇α∂jt v(t, ·)‖p ≤ cτ(τ + t)−j−
|α|
2 (‖v1‖p + ‖v1‖s,2). (19)
If additonally v1 ∈ L1, then
‖∇α∂jt v(t, ·)‖p ≤ cτ(τ + t)−j−
|α|
2 −n2 (1− 1p )(‖v1‖1 + ‖v1‖s,2). (20)
Proof. Use a transformation on the τ -independent problem and the papers [Ono04] and [Ono05].
Applying these decay rates to the representation formula for the solution [RS12b, Theorem 4.1] one can
show
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Lemma 3.3
Let τ ≤ 1, 1 ≤ t and s ∈ N0. Furhtermore let 4 < q < ∞, p := qq−1 , 0 < ε ≤ 1q and m1 ≥ 2. Then it
holds the τ -independent estimates
‖u(t)‖m1+6,p + ‖u(t)‖ 11−ε ≤c2(τ + t)
−ε(‖u0‖m1+8,2 + ‖u0‖1 + τ‖u1‖m1+7,2 + τ‖u1‖1)
+ c2
t∫
0
(τ + t− r)− 12Em1+7(u(r))dr,
(21)
‖ut(t)‖m1+5,p + ‖ut(t)‖ 11−ε ≤c3(τ + t)
−(ε+1)(‖u0‖m1+7,2 + ‖u0‖1 + τ‖u1‖m1+7,2 + τ‖u1‖1)
+ c3
t∫
0
(τ + t− r)− 32Em1+6(u(r))dr.
(22)
3.2 The Theorem
Now one can prove the following theorem for large inital data.
Theorem 3.4
Let 4 < q < ∞, m,m1 ∈ N with m1 ≥ 2, m ≥ m1 + 7 and 0 < ε ≤ 1q . Then for (u0, u1) ∈(
Wm+7,2(R2) ∩ L2σ(R2) ∩ L1(R2)
) × (Wm+3,2(R2) ∩ L2σ(R2) ∩ L1(R2)) and τ = τ(‖u0‖.., ‖u1‖..) small
enough, there exists a global solution (u, p) to (1) with
u ∈ C0([0,∞),Wm+4,2 ∩ L2σ) ∩ C1([0,∞),Wm+3,2) ∩ C2([0,∞),Wm+2,2), (23)
∇(p+ τpt) ∈ C0([0,∞),Wm+2,2). (24)
Furhermore it holds
‖u(t)‖m,2 = O
(
t−(
1
2−ε)
)
, τ‖ut(t)‖m,2 = O
(
t−(1−ε)
)
, ‖∇u(t)‖m,2 = O
(
t−(1−ε)
)
‖u(t)‖m1,q = O
(
t−(1−
2
q )
)
, τ‖ut(t)‖m1,q = O
(
t−(
3
2− 2q )
)
, ‖∇u(t)‖m1,q = O
(
t−(
3
2− 2q )
)
for t→∞.
Sketch of the proof. The proof consists of five steps:
1. Impose conditions (inspired by Lemma 3.1 and Lemma 3.3) on a certain point in time T ∗ (we want
to apply the global existence theorem for small data at T ∗).
2. Impose conditions on τ (inspired by [Sch12, Theorem 3.2]).
3. Show that the local solution can be continued until T ∗.
4. Prove with Lemma 3.1 and Lemma 3.3 that the smallness condition is fullilled at T ∗.
5. Apply the Global Existence Theorem for Small Data at T ∗.
Remark 3.5
Of course the prove extends to the three dimensional special cases, where the global strong solvability for
large data of the classical Navier-Stokes equation is known.
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3.3 Condition on τ
The permitted size of the relaxation parameter τ in the global existence theorem 3.4 depends on the size
of the initial data and therefore the general question of solution to large data remains open. On the other
hand in applications one usually thinks of small relaxations and furthermore there are quite a few similar
results.
For example in the theorems [BNP03, Theorem 2.2], [PR07, Theorem 0.1] und [Hac12, Theorem 1], where
the equation
τutt + ut + (u · ∇)u− µ∆u+∇p = 0
div u = 0
u(0, ·) = u0, ut(0, ·) = u1
in (0, T )× Rn,
in (0, T )× Rn,
in Rn,
(25)
is studied, one has a similar constraint on τ . In the paper [HL02] this is also the case.
Another comparison can be found in [Hac13] where the equation
τutt + ut + (u · ∇)u− µ∆u− 1α∇div u = 0
u(0, ·) = u0, ut(0, ·) = u1
in (0, T )× Rn,
in Rn,
(26)
is studied. The global existence theorem [Hac13, Theorem 2] imposes analogue conditions on τ and α.
In a forthcoming paper we will show that the same holds true for the minor changed model
τutt + ut + (u · ∇)u+ div uu− µ∆u− 1α∇ div u = 0
u(0, ·) = u0, ut(0, ·) = u1
in (0, T )× Rn,
in Rn,
(27)
but this model also has a blow-up if the conditions on the parameters and the data are not satisfied. This
shows that the question of global solutions to large data can be very delicate.
For the classical Navier-Stokes equation one has the very famous Beale-Kato-Majda criterion [BKM84]
which states that under the condition
rotu ∈ L1((0,∞), L∞) (28)
there is no blow-up in finite time. This criterion has been improved by [KOT02] to
rotu ∈ L1((0,∞), B˙0∞,∞), (29)
where B˙0∞,∞ stands for the homogenous Besov space.
For the hyperbolic Navier-Stokes equation it is proven in [FO12] that under the condition
u,∇u, ut ∈ L1((0, T ), B˙0∞,∞), (30)
there is no blow-up. Using the representation
ut(t) + P ((u · ∇)u) (t)− µ
τ
t∫
0
e−
(t−s)
τ P∆u(s)ds = e−
t
τ (u1 + P (u0 · ∇)u0) in (0, T )× Rn,
u(0, ·) = u0 in Rn
(31)
for u ∈ L2σ(Rn) of (1), one can improve this to the following theorem, but nevertheless even in R2 it
seems to be not possible to show that the regularity criterion is satisfied, as one can easily do for the
classical Navier-Stokes equation.
Theorem 3.6
Let s > m > n2 and (u0, u1) ∈
(
W s+2,2(Rn) ∩ L2σ(Rn)
)× (W s+1,2(Rn) ∩ L2σ(R3)) and
u ∈ C0([0, T ),W s+2,2(Rn) ∩ L2σ(Rn)) ∩ C1([0, T ),W s+1,2(Rn)) ∩ C2([0, T ),W s,2(Rn))
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the local solution due to [Sch12, Theorem 2.1]. If
rotu ∈ L1((0, T ), B˙0∞,∞), (32)
then one can continue the solution u beyond T , which means there is a T ∗ > T , such that
u ∈ C0([0, T ∗),W s+2,2(Rn) ∩ L2σ(Rn)) ∩ C1([0, T ∗),W s+1,2(Rn)) ∩ C2([0, T ∗),W s,2(Rn)).
4 Global Relaxation Limit τ → 0
If one changes the estimates (84), (88), (89) and (91) in the proof of [Sch12, Theorem 3.2] and uses the
τ -independent decay rates one easily obtains the following result.
Theorem 4.1
Let u be the τ−independent global solution to (1) in one of the following cases:
(i) to large initial data and small parameter τ in R2 due to Theorem 3.4,
(ii) to small initial data R2 or R3 due to Theorem 2.5 (let additonally u0 ∈Wm+5,2 hold),
(iii) to small data as necessary for three dimensional classical Navier-Stokes (they are much weaker than
in (ii)) and small parameter τ due to Theorem 3.4
(iv) to small 3d-perturbations of two dimensional initial data R3 due to Theorem 3.4,
(v) to axially symmetric initial data or a small pertubations of that in R3 due to Theorem 3.4.
Then the following uniform estimates in t hold
∀t ∈ [0,∞) : ‖uτ (t)− v(t)‖m+2,2 ≤ cτ and ‖uτt (t)− vt(t)‖m+1,2 ≤ c
√
τ , (33)
where v denotes the solution to the classical Navier-Stokes equation.
Remark 4.2
In contrast to the papers [PR07], [Hac12] and [BNP03] this is a uniform estimate in t.
References
[BKM84] Thomas Beale, Tosio Kato, and Andrew Majda. Remarks on the breakdown of smooth solutions
for the 3-d euler equations. Communications in Mathematical Physics, 94(1):61–66, 1984.
[BNP03] Yann Brenier, Roberto Natalini, and Marjolaine Puel. On a relaxation approximation of the
incompressible navier-stokes equations. Proceedings of the American Mathematical Society,
132(4):1021–1028, 2003.
[DQR09] Michael Dreher, Ramón Quintanilla, and Reinhard Racke. Ill-posed problems in thermome-
chanics. Applied Mathematics Letters, 22(9):1374–1379, 2009.
[FO12] Jishan Fan and Tohru Ozawa. Regularity criteria for hyperbolic navier-stokes and related
system. ISRN Mathematical Analysis, 2012, 2012.
[Hac12] Imène Hachicha. Global existence for a damped wave equation and convergence towards a
solution of the navier-stokes problem. arXiv preprint arXiv:1205.5166v2 [math.AP], 2012.
[Hac13] Imène Hachicha. A finite speed of propagation approximation for the incompressible navier-
stokes equations. arXiv preprint arXiv:1308.0542v1 [math.AP], 2013.
7
[HL02] Thomas Hagstrom and Jens Lorenz. On the stability of approximate solutions of hyperbolic-
parabolic systems and the all-time existence of smooth, slightly compressible flows. Indiana
University mathematics journal, 51(6):1339–1387, 2002.
[Kat86] Tosio Kato. Remarks on the euler and navier-stokes equations in R2. In Nonlinear Functional
Analysis and Its Application, volume 45 of Proceedings of Symposia in Pure Mathematics, pages
1–7, 1986.
[KOT02] Hideo Kozono, Takayoshi Ogawa, and Yasushi Taniuchi. The critical sobolev inequalities in
besov spaces and regularity criterion to some semi-linear evolution equations. Mathematische
Zeitschrift, 242(2):251–278, 2002.
[Mat76] Akitaka Matsumura. On the asymptotic behavior of solutions of semi-linear wave equations.
Publications of the Research Institute for Mathematical Sciences, 12(1):169–189, 1976.
[Ono04] Kosuke Ono. lp decay problem for the dissipative wave equation in even dimensions. Mathe-
matical Methods in the Applied Sciences, 27(16):1843–1863, 2004.
[Ono05] Kosuke Ono. lp decay problem for the dissipative wave equation in odd dimensions. Journal
of mathematical analysis and applications, 310(2):347–361, 2005.
[PR07] Marius Paicu and Geneviève Raugel. Une perturbation hyperbolique des équations de navier-
stokes. In ESAIM: Proceedings, volume 21, pages 65–87. EDP Sciences, 2007.
[Rac92] R. Racke. Lectures on Nonlinear Evolution Equations. Initial Value Problems. Aspects of
Mathematics. Vieweg, Braunschweig, 1992.
[RS12a] Reinhard Racke and Jürgen Saal. Hyperbolic navier-stokes equations i: Local well-posedness.
Evolution Equations and Control Theory, 1(1):195–215, 2012.
[RS12b] Reinhard Racke and Jürgen Saal. Hyperbolic navier-stokes equations ii: global existence of
small solutions. Evolution Equations and Control Theory (accepted), 2012.
[Sch95] Maria E Schonbek. Large time behaviour of solutions to the navier-stokes equations in hm
spaces. Communications in Partial Differential Equations, 20(1-2):103–117, 1995.
[Sch12] Alexander Schöwe. A quasilinear delayed hyperbolic navier-stokes system: global solution,
asymptotics and relaxation limit. Methods and Applications of Analysis, 19(2):99–118, 2012.
[SR09] Hugo Fernández Sare and Reinhard Racke. On the stability of damped timoshenko systems:
Cattaneo versus fourier law. Archive for Rational Mechanics and Analysis, 194(1):221–251,
2009.
University of Konstanz, Department of Mathematics and Statistics, 78464 Konstanz,
Germany
8
